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ABSTRACT Brownian adhesive dynamics (BRAD) is a new method for simulating the attachment of viruses to cell surfaces.
In BRAD, the motion of the virus is subject to stochastic bond formation and breakage, and thermal motion owing to collisions
from the solvent. In the model, the virus is approximated as a rigid sphere and the cell surface is approximated as a rigid plane
coated with receptors. In this article, we extend BRAD to allow for the mobility of receptors in the plane of the membrane, both
before and after they are ligated by viral attachment proteins. Allowing the proteins to move within the membrane produced
several differences in behavior from when the receptors are immobilized. First, the mean steady-state bond number is
unaffected by changes in cellular receptor density because proteins are now free to diffuse into the contact area, and the extent
of binding is dictated by the availability of viral attachment proteins. Second, the time required to reach steady-state binding
increases as both the cellular receptor number decreases and the receptor mobility decreases. This is because receptor
diffusion is a slower process than the binding kinetics of the proteins. Decreasing the rate of protein binding was found to
decrease the fraction of viruses bound to steady state, but not the extent of binding for those viruses that were bound.
Increasing the binding rate increased the fraction of viruses bound, until no further viruses could bind. Alterations in receptor
binding kinetics had no discernable effect on the mean steady-state bond number between virus and cell, because interactions
were of sufficiently high affinity that all available receptor-viral attachment proteins were destined to bind at steady state.

INTRODUCTION

For a virus to infect a host cell, it must first attach itself to the

host cell membrane, usually through binding to cell surface

receptors. A potential target for reducing the infection rate of

a virus is inhibition of receptor-mediated attachment. At

times, increasing the infection rate of a virus is desired—e.g.,

in the manufacture of vaccine or in transfection of cells with

viral vectors for gene expression or gene therapy. If the

attachment of viruses to host cells is improved, the efficiency

of processes that use viruses is improved. Therefore, a

detailed understanding of the mechanisms controlling viral

attachment would be valuable for manipulating virus cell-

attachment throughout biotechnology.

One way to model the attachment of viruses to cell is to

simulate it. We recently developed a simulation method

called Brownian adhesive dynamics (BRAD), in which the

motion of a virus is subject to Brownian and adhesive forces.

BRAD simulations are an extension of adhesive dynamics

(AD) simulations, originally developed in the Hammer

laboratory to model receptor-mediated leukocyte adhesive

phenomena (Hammer and Apte, 1992; Tees et al., 2001;

King and Hammer, 2001). In AD, the motion of the particle

is calculated by a force balance on the particle, where the

adhesive and hydrodynamic forces are balanced. The

adhesive forces are calculated by modeling the bonds as

Hookean springs. The formation and breakage of bonds is

calculated by sampling distance-dependent probability dis-

tributions for the formation and breakage of bonds.

To extend AD to viruses, thermal motion was added,

since viruses are nanometric particles whose dominant

source of motion is from thermal collisions with solvent

molecules. A discussion of prior methods for simulating

virus attachment to cells can be found in English and

Hammer (2004), as well as Wickham et al. (1990) and

Perelson (1981).

In BRAD, the motion of the virus derives from a balance

of thermal, adhesive, and hydrodynamic forces; the adhesive

forces and hydrodynamic drag are calculated the same way

as in AD. The method is completely general, capable of

simulating multiple different ligand/receptor pairs between

the virus and cell, extendable to any geometry, and to any

virus/cell system. In this article, the use of BRAD is demon-

strated using kinetic rate data from gp120/CD4 interactions

in HIV.

In our previous article using BRAD to simulate the

adhesion of viruses, we assumed the receptors are immobile

in the plane of the membrane. We expect that some of the

results we found would be critically dependent on this

assumption. For example, we found that the extent of

binding (number of ligated viral attachment proteins) at

steady state is typically less than calculated using the

equivalent site hypothesis for the same molecular binding

rates (English and Hammer, 2004); the extent of binding is

likely to be much greater when receptors can diffuse into the
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viral-cell contact zone. Further, the ability for lateral motion

to relieve stress on adhesion molecules should lead to longer-

lived molecular interactions and more robust adhesion.

Given the experimentally measured rates of lateral mobility

of membrane proteins, typically from 10�11 to 10�9 cm2/s,

measured by techniques such as fluorescence recovery after

photobleaching (Koppel et al., 1976; Axelrod et al., 1976),

we would expect membrane lateral mobility to have little

effect on the probability for viral attachment on subsecond

timescales, but could produce significant effects on viral

binding over experimentally observable times on the order of

seconds. In this article, we incorporate protein diffusion in

BRAD, by modeling each cellular receptor protein as a point

undergoing a random walk restricted to the plane of the

membrane; if a protein is involved in a bond, the force of

the bond influences the movement of the protein within the

plane. The methodology described here would be useful for

modeling other cell-contact phenomena where protein

diffusion within the cellular membrane has been shown to

play an important role, such as the formation of the im-

munological synapse (Qi et al., 2001).

In this article, an overview of the BRAD method will be

presented. First a discussion of the techniques used to model

Brownian motion will be described, followed by a de-

scription of adhesive dynamics. The modifications necessary

to model the diffusion of proteins within the membrane will

be explained. Then a comparison between the predictions of

BRAD simulations for viral docking with and without

membrane protein diffusion will be made. We will determine

how the number of bonds at steady state and the fraction of

bound viruses are affected by receptor lateral mobility. In

addition, we will examine how rates of membrane diffusion

and kinetic reaction between receptor and viral attachment

protein affect the time for approaching steady state. Overall,

we believe this article to describe the most comprehensive

and accurate model for viral docking to a cell membrane

currently available.

MODELS

Brownian adhesive dynamics

BRAD is a method to calculate the trajectory of a virus by solving the

equations of motion. When the virus is too far from the surface to bind

molecularly, a Brownian motion algorithm developed by Torquato and Kim

(1989) is used to generate the random walk.

When the virus is sufficiently close to bind molecularly, three forces

incorporated into the momentum balance on the virus are Brownian,

deterministic, and bonding. Brownian forces are the random forces caused

by collisions between the particle and the solution molecules. Deterministic

forces are caused by interfacial interactions between virus and cell surface

(electrostatic, steric stabilization, and van der Waals interactions), and

hydrodynamic drag. The bonding forces result from the extension or

compression of receptor-viral attachment protein bonds between virus and

cell.

To incorporate the force of the bonds on the motion of the particle, the

Brownian motion simulation technique presented in Allen and Tildesley

(1987) is used. At each time step in the algorithm, pairs of viral and cellular

binding proteins are examined for bond formation. The probabilistic model

for bond formation and breakage of Dembo et al. (1988) is used to determine

the rates of bond formation and breakage. The rate of bond formation and

breakage is given as

kf ¼ kof expð�ðstsðxm � lÞ2Þ=ð2kbTÞÞ
kr ¼ k

o

r expðððs � stsÞðxm � lÞ2Þ=ð2kbTÞÞ; (1)

where kf is the rate of bond formation, kof is the intrinsic rate of bond

formation, kr is the rate of bond breakage, kor is the intrinsic rate of bond

breakage, s is the spring constant of the bond, sts is the transition-state

spring constant, xm is the length of the bond, l is the equilibrium length of

the bond, kb is the Boltzmann constant, and T is the temperature. To

determine if a bond is formed, first the end-to-end separation distance of the

receptor and viral attachment protein is calculated. Then a uniformly

distributed random variable is generated. If that number is less than the

cumulative probability given by

PðdtÞ ¼ 1� expð�kfdtÞ; (2)

a bond is formed. To determine if a bond is broken, the length of the bond is

calculated, and a uniformly distributed random variable is generated. Then if

that number is less than the cumulative probability given by

PðdtÞ ¼ 1� expð�krdtÞ; (3)

the bond is broken. A diagram of the coordinate system used is shown in

Fig. 1. For more details on the BRAD method, see English and Hammer

(2004).

Protein motion within the membrane

The technique of Allen and Tildesley can also be used to model the motion

of the proteins within the membrane itself. These differential equations

describe the position and velocity of the protein,

dr=dt ¼ v dv=dt ¼ �bv1A1Kðr; tÞ; (4)

where r is the vector of positions, v is the vector of velocities, b is the inverse

of the viscous relaxation time, A is the vector of accelerations caused by the

random forces resulting from thermal motion, and K is the vector of

accelerations resulting from deterministic forces caused by the bonds

between the virus and cell (Chandrasekhar, 1943). We assume that the forces

on the proteins are not sufficient to remove the proteins from the membrane,

or to deform the membrane. Thus, because we model the membrane as

a plane—reasonable because the diameter of the cell is orders-of-magnitude

larger than the diameter of the virus—we need only use the equations

associated with the x and y directions to model the protein’s path. Only the x

FIGURE 1 Schematic of the coordinate system used in BRAD.
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and y components of the force from the bond effects the motion of the

protein. The inverse of the viscous relaxation time can be written as

b ¼ kbT=mD; (5)

where kb is the Boltzmann constant, T is the temperature,m is the mass of the

protein, andD is the experimentally observed diffusivity of the protein in the

membrane. Typical values for D range from 10�11 to 10�9 cm2/s (Eldridge

et al., 1980; Schlessinger et al., 1977a,b).

Equation 4 is integrated using an integrating factor. The trajectories for

the proteins can then be generated by evaluating the solutions of the dif-

ferential equations at specified time steps dt,

rðt1 dtÞ ¼ rðtÞ1 c1dtvðtÞ1 c2dt
2K1 @rG

vðt1 dtÞ ¼ c0vðtÞ1 c1dtK1 @v
G

c0 ¼ expð�bdtÞ
c1 ¼ ð1� c0Þ=ðbdtÞ
c2 ¼ ð1� c1Þ=ðbdtÞ; (6)

where @rG is a random position vector and @vG is a random velocity vector.

The random position and velocity vectors result from the integration of the

random accelerations on the protein. The elements of these two random

vectors must be chosen in a position-velocity pairwise-fashion from

a bivariate Gaussian distribution. The distribution has a zero mean, and

variance and correlation coefficient given by

s
2

r ¼ dt
2kbT

m
ðbdtÞ�1ð2� ðbdtÞ�1ð3� 4 expð�bdtÞ

1 expð�2bdtÞÞÞ
s

2

v ¼
kbT

m
ð1� expð�2bdtÞÞ

crvsrsv ¼ dt
kbT

m
ðbdtÞ�1ð1� expð�bdtÞÞ2: (7)

Note that it is assumed that dt is chosen small enough so that the

deterministic forces can be approximately constant throughout the time step.

For a detailed derivation of these equations and the distributions from which

@rG and @vG are sampled, see Allen and Tildesley (1987) as well as

Chandrasekhar (1943).

Selection of the diffusing subset of proteins

The size of the plane used to simulate the cell membrane is ;35 viral

diameters along each edge. By using a plane, the effects of curvature on the

hydrodynamic motion of the virus or on the diffusion of receptors are

ignored; since the size of the cell is much larger than that of the virus, we

expect these effects to be relatively minor compared to other simplifications

of the model, such as the assumption that the membrane is planar on

superviral length-scales. Using a plane of this size requires the tracking the

motion of as many as 2500 cellular proteins. To improve computational

efficiency, two steps are taken. First, protein motion is not tracked until the

first bond between the virus and the cell has formed. Second, an accounting

procedure is used to update the position of only those molecules within

a specified distance of the virus. Once a bond is formed, and once every 105

time steps thereafter, the cellular proteins within two viral diameters of the

virus center projected on the cellular plane are marked. The diffusive paths

of the marked proteins are the only diffusive protein paths generated. To

prevent the density of the cellular receptor proteins from decreasing, every

protein that diffuses outside of two diameters from the projected viral center

on the plane is replaced by a protein from outside the marked region due to

diffusive motion. The point of replacement is selected by choosing a point at

random on the circle determined by all points on the plane that are the length

Rl from the center of the projected virus center on the plane. The value of Rl

is given by

Rl ¼ 2d �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D105

dt
p

; (8)

where d is the viral diameter, and Rl is the expected distance that a protein

could diffuse into the diffusing set of proteins in the time between the

diffusing protein subset updates. A schematic diagram of the virus, the circle

of diffusing proteins, and the ring on which proteins are replaced is shown in

Fig. 2. The frequency with which the receptor positions are updated, the size

of the region over which the receptors are tracked, and the positions at which

a new protein could be introduced into the diffusing protein subset was

selected so that any edge effects caused from the introduction of new

receptors would be minimal (i.e., sufficiently far from the region where

receptor-viral attachment binding was occurring). Occasionally, because the

virus is free to move as well, a newly generated subset of diffusing cellular

proteins will have a higher number of proteins than the previous set. Nothing

is done to remove these additional proteins. However, no steps are taken to

replace any proteins that diffuse out of the diffusing set until the number of

diffusing proteins drops below the original number. If virus movement

causes a reduction in the number of proteins, proteins are replaced on the

ring in the same manner as if protein diffusion alone caused a reduction in

the number of proteins. This method keeps the surface density of free

cellular receptors within 1% of the number of cellular proteins within the

subset when the first bond was formed at all times.

Flowchart for BRAD simulations

A flowchart describing the overall structure of BRAD simulations is shown

in Fig. 3. First, a virus particle and cell surface is created. This is done by

uniformly distributing viral attachment proteins on the surface of the virus,

and uniformly distributing receptors on the cell surface. At the beginning of

each time step, each bonding molecule pair is examined to determine if

a bond is formed or broken. If the first bond is formed—or if the prescribed

number of time steps from the last protein marking has elapsed—the cellular

receptor proteins within two viral diameters of the virus center are marked so

that their diffusive paths will be simulated. The number of marked proteins is

counted and if it has decreased since the last marking, proteins are replaced

on the ring Rl from the virus center until the count is brought back to the

original number. Then the forces on the virus and each diffusing protein are

evaluated and their positions and velocities updated according to Eq. 6. If the

virus is unbound and only under the influence of thermal forces, the

maximum distance that the particle can move before it encounters a bonding

molecule or a region of deterministic forces is calculated. Then the far-field

FIGURE 2 Looking down on the x,y cellular plane, a schematic of the

scheme for selecting which cellular receptor proteins will have diffusive

paths generated. Proteins, represented by an x, within two viral diameters of

the virus center will diffuse. If the number of proteins within the diffusing

area decreases, proteins are replaced on the ring Rl from the center of the

virus.
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motion algorithm, based on the work of Torquato and Kim (1989), is used to

update the positions and velocities of the virus. At the end of each time step,

the virus is examined to see if it has moved out of the volume of interest. If

the virus has moved outside of the volume of interest a new virus and cell

surface are generated. Otherwise, bonding pairs are evaluated and the

process repeats until a prescribed number of time steps have been taken.

Bond crossover frequency

With the cellular receptors free to diffuse, it is possible for a bond to pass

through another bond, unless a repulsive term is incorporated into the

diffusion model to prevent this nonphysical event from occurring. The

addition of the repulsive term would require the evaluation of bond-to-bond

separation of each existing bond pair in each time step. Before committing

the additional computational time to such an endeavor, a test was conducted

to see how frequently bond crossover occurs.

To check for bond crossover, it is necessary to examine two bonds: A and

B, shown in Fig. 4. The first step is to find the two points on A and B that are

closest to each other. This is done by solving the equation for the scalars S, T,

and R,

ðBo 1aBÞS� ðAo 1aAÞT ¼ ðaA3aBÞR; (9)

where Ao and Bo are the position of bonds A and B on the cellular plane

respectively, and a is the direction of the bond. Equation 9 can be derived

using the equations that find the point on a line closest to a point in space

(Thomas and Finney, 1992). The magnitude of the direction vector is chosen

so that when S or T is equal to one, the equation for the respective bond gives

the position of the bond on the virus surface. Thus, physical values for S or T

are those between zero and one. Equation 9 finds the position along bonds

A and B that generates a vector co-linear with the normal to the plane

determined by the directions of A and B. If A and B are parallel, there are an

infinite number of points along A and B that are closest. In this case, S and T

are set to zero. For values of S and T outside the physical range, the scalars

are set equal to one for values.1 and zero for values,0. To determine the

probability of bond crossing, bond B is allowed to diffuse becoming B*. In

Fig. 4 the change in position is exaggerated for clarity. (The distance that

a bond would diffuse over a nanosecond time step is on the order of

a picometer.) Equation 9 is now solved for S* and T*. It is defined that bond
crossover has occurred in the time step if the following inequality is true:

ððBo 1aBÞS� ðAo 1aAÞTÞ3ððB�
o 1a

�
BÞS�

� ðAo 1aAÞT�Þ, 0: (10)

Geometrically, the inequality represented by Eq. 10 is true only if the

direction of the line from the closest points on A to B is .90� from the

direction of the line from the closest points on A to B*. Given that the time

step is small enough, the only way for the inequality expression (Eq. 10) to

hold is if bond B passed through bond A on its way to becoming bond B*.
Incorporating the above mathematical steps into BRAD, a simulation was

run using a protein diffusivity equal to 10�10 cm2/s. Two separate virus

particles were simulated for 10�2 s. During the simulations, 3.63 108 bound

protein diffusive moves were made. Of these, 8212 of the moves resulted in

bond crossover. The fraction of diffusive moves that resulted in bond

crossover was 2.3 3 10�5. For .96% of the simulation time, there were

$17 bonds between the virus and cell. In our view, the amount of bond

crossover is sufficiently small that it can be neglected without the loss of

major physical insight.

MODEL PARAMETERS

In this article, we will use a model virus similar to HIV to

illustrate the value of BRAD. Kinetic rates of CD4/gp120

binding will be used. A discrepancy between HIV structure

and the model virus used here is the trimerization of gp120

which will lead to steric effects not yet incorporated in the

model. However, the model is illustrative of the basic

principles of virus binding. The parameters used in this

article are summarized in Table 1. Because spring constant

data is not available for the CD4-gp120 protein-protein

interaction specifically, we use spring constants consistent

with other protein-protein interactions reported in the

literature. A study of the effect of spring constant on this

system is found in English and Hammer (2004).

Diffusivity of cellular receptor proteins in
the membrane

The diffusivity of proteins free to move within a cell

membrane has been observed for several different protein/

cell membrane systems. Fluorescence-recovery-after-photo-

bleaching measurements of protein diffusivity within the

FIGURE 3 Flowchart describing the overall structure of BRAD simu-

lations.

FIGURE 4 Schematic of analysis used to determine bond crossover. Bond

A is a virus/cell bond in the contact area. Bond B is a virus/cell bond that is

about to undergo a diffusive step. Bond B* represents the new position of

bond B after its diffusive step. If the line connecting the closest points on

bond A and bond B points is in the opposite direction of the line connecting

the closest points on bond A and bond B*, bond B has passed through bond A

on its way to bond B*.
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membrane have been on the order of 10�10 cm2/s regardless

of the protein examined (Eldridge et al., 1980; Schlessinger

et al., 1977a,b). In this article the physiological cellular

receptor diffusivity is set at 10�10 cm2/s, so that it is in

agreement with many experimental observations of protein

diffusivity within a membrane. Also, it is assumed that the

diffusivity is not significantly affected by the surface density

of cellular receptors over the range of surface density of

cellular receptors examined.

RESULTS

As an illustration of the information typically gathered during

aBRAD simulationwith diffusible proteins, Fig. 5 depicts the

accumulation of proteins underneath the virus. The duration

of this simulation illustrated in Fig. 5 is 48,300 ms. Unbound
proteins are represented by open circles. Bound proteins are

represented by solid circles. The circles only represent the

center of a protein position. They are not a space-filling

representation of the proteins. Protein density and diffusivity

was set at 1.63 1011 sites/cm2 and 10�9 cm2/s, respectively.

This value of the diffusivity was used for this calculation

simply to illustrate how proteins accumulate under the virus;

the diffusivity is 10�10 cm2/s elsewhere unless otherwise

noted. The center of the virus is kept in the center of each

frame. During this simulation a cluster of bound proteins

developed under the virus. It is also important to note that the

virus was displaced from a position of (�12.5 nm, 14.9 nm) at

100 ms to a position of (�25.3 nm, �46.0 nm) at 48,300 ms.
Thus protein diffusion aids bond formation in two ways:

proteins are free to diffuse into the contact area, and the virus

is free to explore the surface of the cell for free proteins.

Because this movement of virus and protein takes longer than

bond formation, the binding is limited by the rate of protein

diffusion. This quick initial binding and slow secondary

binding is in agreement with simulations performed by Sild

et al. (1996), who examined ligand binding to a surface.

Effect of protein mobility on the time to reach
steady-state bond number

Fig. 6 is a plot of a typical individual trajectory for the number

of bonds between the virus and cell as a function of time as the

density of cell surface receptors and the receptor diffusivity is

altered. The individual curves on the plot are individual

realizations and not illustrations of average behavior. Times at

which a binding event occurs are denoted by symbols. For

most of the curves illustrated here, the cellular receptor

density is one-quarter that of the physiological value given in

Table 1. At this receptor density, the cellular receptor density

is less than that of the viral attachment protein (VAP) density.

At the cellular receptor density in Table 1, the receptor density

exceeds the VAP density.

Typically, we will refer the results of this article to those

calculated previously, when receptors were fixed and

immobile on the cell membrane (English and Hammer,

2004). For the same intrinsic kinetics, when the receptors are

fixed in the membrane, the binding of the virus to the cell

reaches steady state by 0.001 s. Allowing the membrane

proteins to diffuse at 1/100th the physiological receptor

diffusivity, 10�12 cm2/s, more bonds form between virus and

cell at steady state, but the diffusion of the proteins limits the

rate at which the binding occurs. The time required for

binding to reach steady state when the receptor diffusivity is

10�12 cm2/s is �1 s. An increase in the receptor diffusivity

leads to a decrease in the time to reach steady-state binding.At

the physiological membrane protein diffusivity, 10�10 cm2/s,

the diffusivity of receptors again limits the extent of binding at

any time.However, the time between observed binding events

is less than with the protein diffusivity of 10�12 cm2/s, and

steady-state bond number can be reached by 0.4 s. By 0.4 s, all

of the viral attachment proteins available for binding have

been occupied; thus the steady-state level of viral-receptor

binding represents the upper limit of binding possible due to

the availability of viral attachment proteins. For a simulation

with a protein diffusivity 100-times the physiological value,

10�8 cm2/s, binding occurs rapidly and continues to increase

with time, aided by receptor diffusion, to levels exceeding that

at lower diffusivities (triangles on Fig. 6); diffusion is less of
an impediment to binding under these conditions. Fig. 7

displays the time required to reach steady state for each of the

receptor diffusivities examined in Fig. 6 for the simulations

used to generate Fig. 6—inwhich the cellular receptor density

was 1.63 1011 sites/cm2. Receptor diffusivities above 10�10

cm2/s do not appreciably decrease the time to steady-state

binding, and at that limit the reaction becomes limited by the

kinetics of receptor binding. Receptor diffusivities below

10�10 cm2/s cause a longer time to steady state, and the re-

action is limited by receptor diffusion.

TABLE 1 Physical parameters used in the simulation

Parameter Value Reference

Virus diameter 90 nm Murphy et al. (1995)

Length virus

attachment protein

8 nm Murphy et al. (1995)

Length cellular receptor 6.3 nm Kwong et al. (1998)

Length of unstressed

bond

14.3 nm

Number of virus

attachment proteins

on virus surface

72 Hlavacek et al. (1999)

Bond spring constant 1.2 3 10�1 N/m Chang and Hammer

(2000)

Transition-state spring

constant

1.1 3 10�1 N/m Chang and Hammer

(2000)

Physiological cellular

receptor density

6.3 3 1011 mol/cm2 Dimitrov et al. (1992)

kof 1.4 3 105/s Dimitrov et al. (1992)

kor 3 3 10�4/s Dimitrov et al. (1992)

dt 1 ns English and Hammer

(2004)
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The curve illustrating the greatest binding in Fig. 6 is

a simulation using the physiological diffusivity and

a physiological cellular receptor density. At this receptor

density, sufficient proteins are in position to form bonds with

the virus, and the recruitment of additional receptors

strengthens the adhesion between virus and cell, but does

not change the outcome of virus binding. The additional

recruitment of receptors to the virus-cell contact zone over

a timescale of tenths of seconds leads to an increase of

binding to steady state over this timescale, until the viral

attachment proteins are saturated.

Effect of protein mobility on the mean bond
number at steady state

Fig. 8 is a plot of the mean steady-state number of bonds as

a function of cell surface receptor density. Data represented

with diamonds were generated using BRAD where the

receptor diffusivity was zero. Data represented by squares

were generated using BRAD where the receptor diffu-

sivity was 10�10 cm2/s. The error bars represent the 90%

confidence interval for the mean, and a total of 30 viruses

were simulated in each case. When receptors are fixed,

decreasing the surface density of receptors decreases the

mean steady-state bond number, since the binding of the

virus is limited by the number of cell surface receptors in

the contact zone, and that number is not replenished by

receptor diffusivity. The mean bond number for one-eighth,

one-quarter, and physiological density is 4.3, 4.8, and 7.6,

respectively. These are significant changes in the mean bond

number. However, when the receptors are free to move, the

mean steady-state bond number is significantly higher, since

receptors can accumulate within the contact zone until all the

available viral attachment proteins are occupied. In addition,

when the receptors can diffuse, the steady-state level of

binding is independent of receptor density, since receptors

FIGURE 5 Accumulation of proteins under the

virus. The figure looks down on the membrane x,y
plane as proteins—unbound represented by open

circles, bound represented by solid circles—diffuse

underneath the virus. The center of the virus is kept in

the center of the frame with the virus edge denoted by

a dotted line. Frames a–f depict times 100 ms, 1000 ms,

7000 ms, 20,400 ms, 36,600 ms, and 48,300 ms,

respectively. The bond numbers are 2, 7, 16, 24, 26,

and 27 for frames a–f, respectively. Protein density

and diffusivity was set at 1.6 3 1011 sites/cm2 and

10�9 cm2/s, respectively.
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will continue to enter the contact zone and bind until all the

viral attachment proteins are bound. Thus, the steady-state

level of binding is set by the density of viral attachment

proteins when receptors are mobile.

Effect of protein mobility on the fraction of viruses
that bind to steady state

Fig. 9 illustrates the effect of protein diffusivity on the

fraction of viruses that bind to steady state. Data represented

by diamonds represent the fraction of viruses bound in the

absence of receptor diffusivity. Data represented by squares

represent the fraction of viruses bound in the presence of

receptor diffusivity. Error bars denote the 90% confidence

interval for the mean. Clearly, the fraction of viruses that

bind to steady state is unchanged by protein diffusion. This

suggests whether the virus initially docking to the cell

depends on the configuration of cell surface receptors, and

that diffusivity is not sufficiently fast to affect the probability

of viral docking. However, as illustrated in Fig. 8, receptor

diffusivity will clearly influence the extent of receptor-

mediated binding once a virus does successfully bind.

The role of kf
o in mean bond number and fraction

of viruses that bind to steady state

Values illustrated in Table 1 for the intrinsic kinetic bond

formation and breakage rates, kof and k
o
r ;were based upon the

experimental work of Dimitrov et al. (1992) for the binding

of soluble CD4 to gp120. However, to generalize our work,

we anticipate that a wide variety of receptor-viral attachment

proteins are responsible for virus binding, and hence we

study here the sensitivity of virus binding and mean virus/

cell steady-state bond number to changes in kof :
Using a cellular receptor density of 1.63 1011 molecules/

cm2, we simulated viral binding with different values of the

intrinsic bond formation rate, for cases in which the receptors

were either fixed or mobile. Fig. 10 presents the effect of

FIGURE 8 Mean bond number as a function of cellular receptor density.

Error bars depict the 90% confidence interval. Data represented with

diamonds were generated from simulations with cellular protein diffusivity

set to 0. Data represented with squares were generated from simulations with

cellular protein diffusivity set to 10�14 m2/s. With diffusing proteins, there is

no effect of surface density on the mean bond number. Without diffusing

proteins, the mean bond number decreases if the receptor surface density

decreases.

FIGURE 9 Fractionof viruses that reach a stable bondnumber as a function

of the surface density of cellular receptors. Points represented by squares are

from the mobile protein model. Points represented by diamonds are from the

immobile protein model. The error bars represent the 90% confidence

interval. The effect of protein mobility on the fraction of viruses that bind is

statistically insignificant. Protein diffusivity was set to 10�14 m2/s.

FIGURE 6 Bond number trajectories for several parameter values. The

trajectories represented with a diamond and a solid line, a square and a solid

line, a triangle and a solid line, and a star and a dashed line were generated

from simulations using a membrane protein density of 1.6 3 1011 sites/cm2

and protein diffusivities 10�16 m2/s, 10�14 m2/s, 10�12 m2/s, and 0 m2/s,

respectively. The trajectory represented with a cross and a solid line was

generated using a protein density of 6.3 3 1011 sites/cm2 and a membrane

protein diffusivity of 10�14 m2/s.

FIGURE 7 Time required to reach steady-state binding as a function of

the protein diffusivity. Protein density was set at 1.6 3 1011 sites/cm2.
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changing the intrinsic on-rate, displayed as the dimension-

less ratio of the on-rate—k�f —and the physiological

on-rate—kof —on the mean steady-state bond number.

Consistent with Fig. 8, Fig. 10 illustrates that the mean

steady-state bond number is higher when the receptors are

permitted to diffuse. However, Fig. 10 also shows that

changing the intrinsic bond formation rate over the three

orders of magnitude tested here—from 10-fold below to 100-

fold above the physiological on-rate for CD4-gp120

interactions—does not significantly alter the steady-state

bond number, whether the receptors are able to diffuse or are

fixed. This is because over this entire range, the on-rates are

sufficiently fast so that all the available viral attachment

proteins are able to ligate over the timescale of the collision.

Fig. 11 illustrates the effect of altering the intrinsic on-rate

on the fraction of viruses that are able to bind. Consistent

with results presented earlier, Fig. 11 illustrates that the

fraction of viruses that bind to steady state is statistically

independent of whether the receptors are fixed or diffusing.

However, Fig. 11 shows that the fraction of viruses bound to

steady state is strongly dependent on the intrinsic on-rate.

Reducing the on-rate to 1/10th the experimentally observed

value decreases the fraction of viruses that bind to 3% from

33%. Two-hundred viruses were simulated with an on-rate

of 1/100th the physiological value. Even though these

viruses were initially placed in molecular contact with the

surface, only 2 of the 200 viruses formed a bond with the

surface. Both of these viruses then broke their bonds and

diffused away from the surface after being bound for 1.2 ms
and 480 ms.
At the physiological on-rate, 33% of the viruses bind.

Beyond this value of the on-rate, small increases in the

intrinsic on-rate from the physiological on-rate produce large

increases in the fraction of viruses that bind. Doubling the

intrinsic on-rate raises the fraction of viruses that bind to 0.4.

At 10 times the intrinsic on-rate, the fraction of viruses that

bind is .0.8, and beyond this on-rate, the fraction of viruses

that bind is obviously insensitive to on-rate. At 100 times’

the intrinsic on-rate, 95% of viruses bind to steady state.

CONCLUSION

We have developed a newmethod for simulating the docking

of viruses to cell surfaces. This method includes the motion

of cellular receptors within the cell membrane. We believe

the method offers advantages to the alternative for virus

binding, equivalent site hypothesis (ESH) models, because it

includes the geometry of the virus and cell, the positions of

the proteins, and the diffusive motion of the virus. ESH

models model the virus-cell system as a set of ordinary

differential equations that assume the VAPs are free to

diffuse in solution. A complete discussion of ESH models is

found in our previous article (English and Hammer, 2004).

In that article, we illustrated the role geometry plays in virus

binding and that binding of viruses is much weaker than

previously thought (English and Hammer, 2004). Here we

extend BRAD by including the diffusion of cell surface

receptors.

Adding cellular protein mobility in BRAD elucidates new

dynamics for virus/cell binding. First, for the parameters

tested, the mean bond number at steady state between the

virus and cell is independent of the cellular receptor density

when the receptors are able to diffuse. Diffusion of the

cellular proteins into the contact zone allows all available

viral binding proteins—VAPs facing the cell and near the

cell virus interface—to form bonds with cellular receptors,

and diffusivity ultimately leads to the effect that the density

of viral attachment proteins sets the degree of binding.

Second, the time required to reach the steady-state number of

bonds increases when cellular receptor density decreases or

when the diffusivity decreases. Third, the fraction of viruses

that bind to steady state with diffusing proteins is the same as

the fraction of viruses that bind to steady state with fixed

proteins. This suggests that a successful virus-cell encounter

is determined well before the diffusion of proteins can play

FIGURE 10 Mean bond number as a function of the intrinsic on-rate for

bond formation, k�f ; compared to the experimentally observed value, kof ;
found in Table 1. Data represented by diamonds and squares correspond to

where the proteins are fixed and mobile, respectively. There is no effect on

changing k�f on the mean bond number at steady state. Allowing the proteins

to diffuse increases the mean bond number. Protein diffusivity was set to

10�10 cm2/s.

FIGURE 11 Fraction of viruses that bind to steady state as a function of

k�f . The fraction of viruses that bind increases as k
�
f increases, saturating at a

value of 95% binding with k�f ¼ 100 kof : Values of k
�
f , 0.01 kof produce

no viral binding. Protein diffusion has no discernable effect on the fraction

of binding viruses. Protein diffusivity was set to 10�10 cm2/s.
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a role. Frequently, viruses form a small number of

bonds—fewer than three—with a cell for a short amount

of time (on the order of microseconds). These bonds then

break and the virus will diffuse away from the surface. The

timescale of these encounters is too short for proteins to

diffuse into the contact area and bind with the virus. We infer

from distributions shown in our previous article, and the

steady-state bond numbers observed in these simulations,

that at least three bonds with the surface are required to form

a stably bound virus. The time required to reach steady-state

bond number decreases with increasing protein diffusivity.

However, the binding reaction becomes kinetically limited at

diffusivities above 10�10 cm2/s. With the kinetic parameters

given in Table 1, the binding reaction becomes limited by

protein diffusion below diffusivities of 10�10 cm2/s.

We did not observe a change in the number of bonds

breaking with diffusing proteins. However, an increase in the

number of bonds formed over time was observed. This

indicates that mobile proteins ameliorate binding as addi-

tional proteins diffuse into the contact area. The proteins are

not mobile enough to relieve stress placed on them by bonds

fast enough to preserve the bond. It may also be possible that

viral attachment proteins diffuse in the plane of the viral

membrane; although we know of no direct evidence for this

mobility, such motion could easily be built into future

versions of BRAD.

The fraction of viruses that bind is sensitive to the intrinsic

on-rate for bond formation. Small changes in on-rate around

the physiological value produce large changes in the fraction

of binding viruses. Virus binding is eliminated with an

intrinsic on-rate ,1/100th that of the physiological on-rate.

At values.10-times the physiological on-rate, virus binding

shows little additional increase with further on-rate in-

creases. One can speculate on the evolutionary significance

of this result. The physiological on-rate is an ideal value that

allows for just the right amount of viral binding. Smaller

values would not permit viruses to bind at all, and larger

values do not offer any significant advantage. Likewise,

previous simulations (English and Hammer, 2004) showed

that VAP density strongly affects the probability of virus

docking. Thus, through on-rate and VAP densities, it seems

viruses have evolved efficiently dock to cell surfaces, given

prevailing receptor densities.

In BRAD with diffusing membrane proteins, it is possible

for bonds to pass through each other. A great deal of effort

was expended to examine the frequency of such events.

Because the frequency was low, we decided it was not worth

the computational effort to monitor for bond crossover.

However, it is a trivial extension of the program to prevent

bond crossover. Equation 9 provides an easy way to find the

separation of the bonds at their nearest points. This

separation distance can then be used to calculate a repulsive

force between the bonds, much the same way a repulsive

force between the virus and cell prevents the virus from

passing through the cell (English and Hammer, 2004).

Further, this repulsive force may be larger if the proteins are

assigned a width, as well as a length. This repulsive force is

then incorporated into the equations of motion for the

protein. The steric effects would work to decrease the extent

of binding through forcing the dissociation of receptor-viral

bonds. Though we do not believe bond crossover affects the

results presented here, we plan to include such effects in

future versions of BRAD as we continue to improve the

methodology.

The next stage in our simulations of virus binding is to add

more complexity to the viral attachment proteins. For

example, gp120 is a timer, with two binding sites to two

distinct viral attachment proteins. This complexity can be

dealt with by using bead-spring models for the viral attach-

ment proteins, with identifiable binding sites at different

locations on the molecular backbone. This complexity will be

particularly useful for simulating HIV docking, which is

known to use two separate receptors (Doms and Moore,

2000). This will be a subject of future investigations using

BRAD.
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